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Abstract: A module is called nilpotent-invariant if it is invariant under any
nilpotent endomorphism of its injective envelope. The class of these modules is
studied, and some of their properties are developed. In this paper, we continue
to study nilpotent-invariant modules over general envelopes.
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1 Introduction

Throughout this article, all rings are associative rings with identity and all modules
are right unital. For a submodule N of M, we use N < M (N < M) to mean that N is
a submodule of M (respectively, proper submodule). We usually write End(M) (Aut(M))
to indicate its ring of right R—module endomorphisms (respectively, automorphism). A
submodule N of a module M is called small in M (denoted as N < M) if N + K # M for
any proper submodule K of M.

Let X be a class of right R—modules. We say that X is closed under isomorphisms, if
M e X and N &£ M, then N € X. Recall that, let X be a class of right R-modules which
is closed under isomorphisms. A homomorphism u : M — X of right R—modules is an
X —envelope of a module M provided that
(1) X € X; and, for every homomorphism v : M — X' with X’ € X, there exists a
homomorphism f : X — X’ such that v’ = fu;
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(2) w = fu implies that f is an automorphism for every endomorphism f: X — X.
If (1) holds, then u : M — X is called an X' —pre-envelope.

In [3], Guil Asensio, Keskin and Srivastava introduced the notion of X-automorphism-
invariant modules. It shows that the endomorphism ring of an X-automorphism-invariant
module is a semiregular ring. Some other properties of X-automorphism-invariant modules
are studied.

A right R—module M having an X —envelope u : M — X is said to be X —endomorphism-
invariant (X —automorphism-invariant) if for any endomorphism (resp., automorphism) g
of X, there exists an endomorphism f of M such that uo f = gou.

In this paper, we introduce the notion of X-nilpotent-invariant modules with accompa-
nying conditions and study some of their properties.
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2 Results

It is easy to see that the X' —envelope is unique up to isomorphisms. We have the
following propositions.

Theorem 2.1. ([4], Proposition 1.2.1). If w : M — X and v : M — X' are two
X —envelopes of an R—module M, then X' = X.

Theorem 2.2. ([4], Theorem 1.2.5). Let M = M;® Ma, and u; : M; — X; are X —envelope
of M;. Then, u1 ®ug : M — X1 ® X is a X—envelope of M.

Let M, N be R—modules. We will say that M is X — N —injective if there exist X —envelopes
uy : N = Xn, upr : M — Xy satisfying that for any homomorphism g : Xy — Xy, there
is a homomorphism f : N — M such that guy = upsf:

XNL>XM

o]

N—M

If M is X — M —injective, then M is said to be an X —endomorphism invariant module.
A class X of right modules over a ring R, closed under isomorphisms is called an en-
veloping class if any right R—module M has an X —envelope.

Lemma 2.3. Let X be an enveloping class. If M is X — N—injective, then M’ is X —
N'—injective for any direct summand N’ of N and any direct summand M’ of M.

Proof. Assume that N = N' @& K, M = M’ & L for some submodules K of N and L of M.
Let un/ : N — Xnrug : K — Xg,uppy - M — Xyp,up, 0 L — X1, be X—envelopes of
N', K, M', L, respectively. We have uy: ® ug : N — Xn @ Xk is X—envelope of N and
upPur : M — Xpp® Xy, is X —envelope of M. Let a : Xy — Xy be any homomorphism.
Call 7 : X ® Xg — Xy the canonical projection and 7 : X — Xy @ X, the inclusion
map. Let g = iam : Xy ® Xg — Xy @ Xp. Since N is X — M —injective, there exists a
homomorphism f : N — M such that g(uy ® ug) = (upy S up)f-

XN L) X
uN/EBuKT uM/GBuLT

N1 o

It follows that guns = uppf. Call mpp @ M' @ L — M’ the canonical projection and
iy : N — N’ @ K the inclusion map. Let ¢’ = mpp fins : N/ — M’. Then we can check
that aupn = uM/g’.

XN/ L} XM’

uN/T UMIT

!
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Therefore, M’ is X — N’—injective O
The following corollaries are straightforward and we state them without any proof.

Corollary 2.4. If M is a X — N —injective module and L is a direct summand of N, then
M is an X — L—injective module.

Corollary 2.5. Every direct summand of an X — M —injective module is also an X —
M —injective module.

Corollary 2.6. Any direct summand of an X— endomorphism invariant module is X —
endomorphism invariant.

Corollary 2.7. Assume that M = My & My. If M is X—endomorphism invariant, then
My is X — Msy—injective and Mo is X — My—injective.

Definition 2.8. An R—module M is called strongly X -pure if every submodule A of M
and any homomorphism f: A — X, with X € X, extends to a homomorphism g : M — X
such that gi = f in which ¢ : A — M is the inclusion map

At M

bt

A module M is called a C2-module if every submodule A of M such that A is isomorphic
to a direct summand of M, then A is a direct summand of M.

Theorem 2.9. Let X be an enveloping class and let M be a strongly X -pure module. If M
is an X —endomorphism invariant module then M is a C2-module.

Proof. Let A be a submodule of M, and B be a direct summand of M such that A = B.
Take ¢ : B — A an isomorphism. Let up : B — Xp be an X'—envelope of B, up; : M —
Xar be an X—envelope of M. Since M is a strongly X-pure module, the homomorphism
ung_l : A — Xp extends to a homomorphism 3 : M — Xp such that uBgo_l = (4. Since
upy - M — Xy is an X —preenvelope of M, there exists k : Xy — Xp such that 8 = kuyy.

B—r s A—" s M Xy
up upe~!
B k
XB

We have that M is an X —endomorphism invariant module and B is a direct summand of M
and obtain that B is X — M — injective by Corollary 2.5. Therefore, there exists f: M — B
such that kupyr = upf

42



Truong Dai hoc Vinh Tap chi khoa hoc, Tap 50 - S6 4A/2021, tr. 40-47

XMLXB

uar | us]

M—r B

Now we have

1

upp = Pi = kupyi = upfi

As up is monomorphism, and so ¢! = fi. It follows that i is a splitting monomorphism.

That means Im(ip) = A is a direct summand of M. O

Definition 2.10. A right R—module M having a X—envelope u : M — X is said to be
X —nilpotent invariant if for any nilpotent endomorphism g of X, there exists an endomor-
phism f of M such that uf = gu.

x J.x
u u
ML m

Lemma 2.11. Let M = My & M> be an X —nilpotent invariant module. Then My is X —
Ms—1injective.

Proof. Let uy : My — X1, us : Ms — X5 be X—envelopes of My, Ms, respectively. Thus,
u=1u Dug : M - X = X1 ® Xg is an X—envelope of M. For any homomorphism
g: X1 — X9, 5: X — X via g(z1 + z2) = g(z1) is a nilpotent endomorphism of X. Since
X is an X —nilpotent invariant module, there exists h : M — M such that gu = uh. Take
f = mohiy with mo : M — M> the canonical projection and ¢; : My — M the inclusion map,
then we have us f = guq

X1L>X2

ulT uQT
M1 L) M2

Therefore, My is X — M;— injective. O

A module M is called a C3-module if for two direct summands A and B of M with
ANB =0, then A® B is a direct summand of M.

Theorem 2.12. Let X be an enveloping class and M be an X —nilpotent invariant module.
If M is a strongly X-pure module, then M is a C'3-module.

Proof. Assume that A, B are direct summands of M with AN B = 0. Let A’ be some
submodule of M such that M = A ® A’. We claim that, there exists M’ < M such that
M =AM and B< M'. Let w: M — A, ©' : M — A’ be the projections. Since ANB = 0,
7'|p : B — A’ is a monomorphism. Moreover, M is a strongly X-pure module, A’ is too.
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It follows that un’|p : B — X4/ is preenvelope, where v : A — X4 and v/ : A" — X 4 are
envelopes.

i ’
Bi>A’*u>XA/
7/

X4

By definition of preenvelope, there exists h : X 4 — X 4 such that hu/7’|p = un|p.

XA’ L} XA

u’T UT
A —2 A
Since A is X — A’—injective by Lemma 2.11, there exists g : A’ — A such that hu' = ug.
Therefore ur|p = hu/7’'|p = ugn’|p. As u is a momomorphism, w|p = g7'| 5.
Let
M' = {d +g(d)|d € A'}.

For every b € B, we have
b=n'(b) +n(b) = 7'(b) + gr'(b).

It follows that b € M’. Then B < M’. It is easy to see that AN M’ = 0 and for every
meM
m=a+ad =a—g(d)+ (' +g(d)) e A+ M, (a€ Ad € A).

Thus M = A+ M’, and so M = A® M’. On the other hand, we have M = B @ B’ for some
B' < M, then M' = B& (M’ N B’). We deduce that

M=AoM =A®Bs (M NB')
It means that A ® B is a direct summand of M. O

We will say that M is X'—extending invariant (or X-extending) if there exists an
X —envelope u : M — X such that for any idempotent g € End(X) there exists an idem-
potent f: M — M such that g(X)Nu(M)=uf(M) or uf = guf.

A ring R is called nil-clean with any x € R, we can write the form x = e + n for some
idempotent e € R and nilpotent n € R.

Theorem 2.13. Let M be an X —extending invariant module and uw : M — X be a
monomorphic X —envelope with uw(M) essential in X.

Assume that End(X) is a nil-clean ring. If M is X —automorphism invariant and is strongly
X -pure then M is an X —endomorphism invariant module.
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Proof. Let g be any endomorphism of X. By the hypothesis, we have ¢ = e + f in which
e is an idempotent endomorphism of X and f is a nilpotent endomorphism of X. Since M
be an X' —nilpotent invariant module, there exists a homomorphism « : M — M such that
fu=ua.

On the other hand, since M is an X —extending invariant module and e is an idempotent
endomorphism of X, there exists an idempotent endomorphism e’ of X such that e(X) N
u(M) = ue'(M). Therefore A = u=(e(X)) N M = ¢ (M) is a direct summand of M.
Since (1 — e) is also an idempotent endomorphism of X, B = u~}((1 —e)(X)) N M is a
direct summand of M. It is easy to see that AN B = 0. By Theorem 2.12, A® B is a
direct summand of M. Let M = A® B ® C for some C < M, then M = A @ A’ where
A =B&C>B.Let m: A® A — A be the canonical projection. We show that eu = ur.
Assume that, there exists 0 # m € M such that (eu —um)(m) # 0. Since u(M) <¢ X, there
exists my € M such that u(m;) = (eu—um)(m) # 0. Hence u(mi +m(m)) = eu(m) € e(X),
somi+m(m) € A. Moreover, eu(my+m(m)) = e?u(m) = eu(m), so eu(my+m(m)—m) = 0.
Now,

u(mi +7m(m) —m) = (1 —e)u(my +7(m) —m) € (1 —e)(X),

so my + m(m) —m € B.

Let m = a+ d/, where a € A,a’ € A', then m; + 7(m) —a—a € B < A" and n(m) = a.
Therefore my + w(m) —a € A’N A =0. Thus m; = 0, a contradiction.

Let h = o+ 7 € End(M), it follows that

gu = (e + flu =eu+ fu = ur + ua = u(w + o) = uh.

That means M is an X —endomorphism invariant module.
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TOM TAT
LGP CAC MODUN BAT BIEN LUY LINH

Pinh Duc Tai
Phong Khoa hoc va Hop tac quoc té, Truong Dai hoc Vinh
Ngay nhan bai 18/10/2021, ngay nhan dang 13/12/2021

Mot modun dude goi 1a bat bién liiy linh néu né bat bién dusi moi tit dong cau liy linh
clia bao noi xa chinh né. Céac tinh chat ciia 16p modun nay da duge nhiéu tac gid nghien
citu nhu M. T. Ko san va T. C. Quynh trong [8]. Trong bai bao nay, ching toi gidi thiéu
mot s6 két qua khac vé 16p modun nay.

T khéa: Ty cau xa bat bién; bat bién tu dong cau; bat bién liy linh.
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